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Abstract
Access to digital content is often mediated by rec-
ommendations, which are primarily designed to
predict user preferences. We take an alternate
view in this work, exploring mechanisms which
determine the availability of content from the per-
spective of user agency. We introduce a notion
of reachability and show how it is determined by
preference scoring functions, item selection rules,
and user interface decisions. Simulated experi-
ments illustrate these insights.

1. Introduction
From algorithmically sorted newsfeeds to personalized
search, recommender systems mediate access to information
in our digital world. The recommendations aim to surface
content that will be enjoyed, highly rated, or consumed,
and thus they are primarily designed to accurately predict
user preferences. This singular focus has lead to concerns
of unintended consequences like polarization and radical-
ization (Dandekar et al., 2013; Faddoul et al., 2020). The
recommender systems literature has long proposed a variety
of other metrics for evaluation, including concepts of nov-
elty, serendipity, diversity, and coverage (Herlocker et al.,
2004; Kaminskas & Bridge, 2016). Seldom are such metrics
incorporated into the first-principles design process of the
recommendation algorithms; instead, they are secondary
objectives used in post-hoc approaches like reranking.

Unintended consequences arise primarily from the interac-
tive nature of recommender systems. Many of the problems
attributed to personalization online occur because of feed-
back effects, and thus a static perspective is insufficient
for capturing important system properties. While these
dynamic effects can be explored under human behavior
models (Chaney et al., 2018), we favor a view based on
user agency. Inspired by work on actionable recourse for
consequential binary decisions (Ustun et al., 2019) and its
recent extension to the recommender setting (Dean et al.,
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2020), we focus on understanding reachability within a rec-
ommender system. By considering all possible outcomes of
an interaction with the recommender, reachability quantifies
the influence a user has over their recommendations.

In this work, we take initial steps towards understanding how
to design recommender systems that provide reachability.
We introduce a stochastic version of the reachability metric,
and view a recommender system as the combination of a
preference model, a (possibly randomized) selection rule,
and a user update. We show how each component affects
reachability properties of the recommender system, and
illustrate with simulated experiments.

2. Problem Setting and Definitions
Assume there are n individuals as well as a collection of k
pieces of content. For consistency with the recommender
systems literature, we refer to individuals as users, pieces of
content as items, and expressed preferences as ratings. We
will denote a rating by user u of item i as rui ∈ R, where
R ⊆ R denotes the values which ratings can take. The
number of observed ratings will generally be much smaller
that the total number of possible ratings. The goal of a
recommendation system is to understand the preferences of
users and recommend relevant content.

2.1. Scoring functions and selection rules

In this work, we consider recommenders which are the
composition of a scoring function φ with selection rule π.
The scoring function φ takes as input historical data (e.g.
observed ratings, user and item features) and returns a score
for each user and item pair. For a given user u and item i,
we denote sui to be the associated score, and for user u we
will denote by su ∈ Rk the vector of scores for all items. A
common example of a scoring function arises by predicting
future ratings based on historical data.

The selection rule is a policy which, for given user u and
scores su, selects one or more items from a set of specified
target items Ωtu as the next recommendation. The simplest
selection rule is a Top-1 policy, which is a deterministic rule
that selects the item with the highest score for each user. In
this work, we are primarily interested in stochastic policies
which select items according to a probability distribution
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parametrized by scores su. A stochastic selection rule rec-
ommends an item i according to P (π(su,Ω

t
u) = i), which

is 0 for all items i /∈ Ωtu. For example, to select among items
that have not yet been seen by the user, we set Ωtu = Ωc

u,
where Ωu denotes the set of items seen by the user u. Note
that deterministic policies are a special case of stochastic
policies, with a degenerate probability distribution.

We will focus on how scores are updated after a round of
user interaction. For example, if a user consumes and rates
several new items, the recommender system should update
the score model in response. Therefore, we parameterize
the score function by an update rule, so that the new score
vector is s+

u = φu(a), where a ∈ Au represents actions
taken by user u and Au represents the set of all possible
actions. Thus φu encodes the historical data, the preference
model class, and the update algorithm. We define the form
of this function in more detail in Section 3.

2.2. Reachability problem

First defined by Dean et al. (2020), an item i is determin-
istically reachable by a user u if there is some allowable
modification to the user’s ratings ru that causes item to be
recommended. Allowable modifications can include history
edits, such as removing or changing ratings of previously
rated items. They can also include future looking modifica-
tions which assign ratings to a subset of unseen items.

In our setting where recommendations are made stochasti-
cally, an item i is ρ reachable by a user u if there is some
allowable action a such that P(π(φu(a),Ωtu) = i) ≥ ρ.
The maximum ρ reachability for a user-item pair is defined
as the solution to the following optimization problem:

ρ∗(u, i) = max
a∈Au

P (π(φu(a),Ωtu) = i). (1)

For example, a simple stochastic extension of the Top-1
policy is the ε-greedy policy which selects the top scoring
item with probability 1− ε, and with probability ε chooses
uniformly among the remaining items. Then ρ∗(u, i) =
1− ε if item i is deterministically reachable by user u, and
is ε/(|Ωtu| − 1) otherwise.

3. Solving the stochastic reachability problem
In what follows, we will show how to compute the maxi-
mum ρ reachability for user-item pairs within a system. We
first specify the forms of the user action model, the score
function, and the selection rule.

User action model We will consider actions that are up-
dates to the user rating vector ru ∈ Rk, a sparse vector
of observed ratings. For each user, we will distinguish be-
tween mutable and immutable ratings within the vector ru.

Figure 1. Mutable vs. observed ratings

Let Ωmu denote the set of items with mutable ratings. Then
the action set Au = R|Ωm

u | corresponds to changing or set-
ting the value of these ratings. The updated rating vector
r+
u ∈ Rm is equal to ru at the indices corresponding to

immutable ratings and equal to the action a for all mutable
ratings. Note the partition into mutable and immutable is
distinct from earlier partition of ratings into observed and
unobserved. In our general framework, mutable ratings can
be both seen (history edits) and unseen (future reactions),
as illustrated in Figure 1. For the reachability problem, we
will consider a set of target items Ωtu that does not intersect
with the mutable items Ωmu or the seen items Ωu.

We remark that additional user or item features used for scor-
ing and thus recommendations could be incorporated into
this framework as either mutable or immutable features. The
only computational difficulty arises when mutable features
are discrete or categorical.

Recommender model The recommender model is com-
prised of a scoring function and a selection function, which
we now specify. We consider affine score update func-
tions where for each user, scores are determined by some
affine function of the action: φu(a) = Bua + cu where
Bu ∈ Rk×|Ωm

u | and cu ∈ Rk are model parameters deter-
mined in part by historical data. Such a scoring model arises
from many different recommenders, but in this work we
will primarily focus on the predictions arising from matrix
factorization models.
Example 1. Matrix factorization models compute scores as
rating predictions so that S = PQ>, where P ∈ Rn×d and
Q ∈ Rk×d are respectively user and item factors for some
latent dimension d. They are learned via the optimization

min
P,Q

∑
u

∑
i∈Ωu

‖p>u qi − rui‖22 .

Under a stochastic gradient descent minimization scheme
with step size α, the one-step update rule for a user factor is

p+
u = pu − α

∑
i∈Ωm

u

(qiq
>
i pu − qirui) ,

Notice that this expression is affine in the mutable ratings.
Therefore, we have an affine score function:

φu(a) = Qp+
u = Q

(
pu − αQ>mQmpu − αQ>ma

)
where we define Qm = QΩm

u
∈ R|Ωm

u |×p.
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Figure 2. Example predicted ratings (left) and resulting recommen-
dation distributions (right) under a β softmax selection rule.

We now turn to the selection component of the recommender,
which translates the score su into a probability distribution
over unseen items. The stochastic policy we consider is:

Definition 1. Soft-max selection
For i ∈ Ωtu, the probability of item selection is given by

P (πβ(su,Ω
t
u) = i) =

eβsui∑
j∈Ωt

u
eβsuj

.

Figure 2 illustrates the distributions induced by this rule for
various values of β.

Result 1. Let bui denote the ith row of the action matrix
Bu and consider the β-softmax selection rule. Then the
stochastic reachability problem for user u and item i:

γ?(u, i) = min
γ,a∈Au

γ

s.t. β(b>uia + cui) + γ

≥ LSE
j∈Ωt

u
j 6=i

(
β(b>uja + cuj)

)
.

(2)

where LSE is the log-sum-exp function. The resulting reach-
ability parameter is ρ?(u, i) = 1/(1 + eγ

?(u,i)).

Proof sketch. Consider the probability statement
P (π(φ(a),Ωu) = i) ≥ ρ. For the softmax selection
rule, this is equivalent to

eβsui ≥ ρ
∑
j∈Ωt

u

eβsuj .

Rearranging the expression, taking the logarithm of both
sides, and substituting the affine expression for φu results
in the constraint

β(b>uia + cui) + log

(
1− ρ
ρ

)
≥ LSE
j∈Ωt

u
j 6=i

(
β(b>uja + cuj)

)
The result follows by a change of variables to γ = log( 1−ρ

ρ ),
noting that maximizing ρ is equivalent to minimizing γ.
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Figure 3. Feasible sets of top-1 selection rule (left) and ρ = 1
3

-
reachable sets of πβ=1 (right). The item factors are vectors repre-
sented by the dots, the shaded regions indicate the location of user
factors for which an item is feasible (left plot) or has probability
larger than 1

num items to be recommended next (right plot).

4. Stochastic Reachability As A Relaxation
In this section, we explore how the softmax style selection
rule is a relaxation of a top-1 recommendation. As illus-
trated in Figure 2, for larger values of β, the selection rule
distribution becomes closer to the deterministic top-1 rule.
This also means that the stochastic reachability problem can
be viewed as a relaxation of the top-1 reachability problem.
Figure 3 illustrates the regions of latent space in which items
are reachable for a toy matrix factorization example with
three items. We see that the region within which an item
has a higher than average probability of being stochastically
recommended is a geometric relaxation of the feasible set
for deterministic reachability under a top-1 rule.

Result 2. Consider the stochastic reachability problem for a
β-softmax selection rule as β →∞. Then if an item i is top-
1 reachable by user u, ρ∗(u, i) → 1. In the opposite case
that item i is not top-1 reachable, we have that ρ∗(u, i)→ 0.

Proof sketch. Define

τβ = β(b>uia + cui)− LSE
j /∈Ωu
j 6=i

(
β(b>uja + cuj)

)
and see that by the constraints of the optimization problem,
γ? = −τβ . We can immediately notice that

lim
β→∞

1

β
τβ = (b>uia + cui)− max

j /∈Ωu
j 6=i

(
b>uja + cuj

)
yields a top-1 constraint. If an item i is top-1 reachable for
user u, then there is some a such that the above expression
is positive. Therefore, as β → ∞, γ? = −τβ → −∞,
hence ρ? → 1. In the opposite case when an item is not
top-1 reachable we have that γ? →∞, hence ρ? → 0.

This connection leads to two interesting insights. First, for
fixed β � 1, we see that top-1 reachability ensures that ρ?
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Figure 4. Values ρ? for all target items of a user u for various
values of selection parameter β and action parameter α.

will be close to 1. Therefore, the results about model and
action space geometry from Dean et al. (2020) carry over
to this stochastic setting. Second, for items which are top-1
reachable, larger values of β result in larger ρ?. However, if
β is too large, then items which are not top-1 reachable will
have small ρ?. This illustrates a delicate balance for using
randomness to ensure user agency.

5. Experiments
Setup We generate an underlying rating matrix with n =
50 users and k = 100 items and randomly select 20% of the
entries to be observed. Based on the observed entries, we
fit a matrix factorization model based using libFM (Rendle,
2012). We consider a range of selection rules parametrized
by β ∈ {0.1, 0.5, 1, 2}. For each user u we randomly select
half of the unobserved items to be target items Ωtu. We
consider a simple user model where the mutable ratings for
each user are α fraction of the unobserved items that are
not target items. We vary the value of α ∈ {0.2, 0.4, 1}, so
small values correspond to restrictive (small) user action
spaces and large values correspond to permissive (large) user
action spaces. For each variation of the above parameters we
solve the stochastic reachability problem (2) for all users and
their target items using CVXPY (Diamond & Boyd, 2016).
We compare against the baseline selection probabilities,
which represent the default selection rates in the absence of
any update to the user scores.

Results Across settings, we see that larger action spaces
correspond to larger values of ρ?. Figure 4 plots ρ? for all
target items of a single user, and it shows that stochastic
reachability monotonically increases in the fraction of mu-
table items α. Figure 4 also demonstrates that for a near
uniform selection rule (β = 0.1), the reachability is minimal
with respect to baseline selection probabilities. Reachability
is more pronounced for skewed selection policies that pre-
fer items with high predicted ratings. These gains are not
uniform across items or baseline selection probabilities, and
thus rating predictions are not indicative of how reachable
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Figure 5. Each figure plots the baseline probabilities vs. ρ? for
varying β values and a fixed user action model parametrized by α.
The red diagonal line represents baseline= ρ?. The hue of the
scatter points represents the predicted rating, with darker points
denoting higher predictions.

or unreachable an item is in our setting.

These findings are reinforced by Figure 5. The blue points
correspond to user-item pairs under a nearly uniform se-
lection policy (β = 0.1). In this case, regardless of the
user agency parameter α, users do not achieve meaningful
reachability as the blue dots remain close to the diagonal red
line. However, for skewed selection policies (displayed by
purple points) larger values of α can dramatically increase
reachability. The green and purple points corresponding
to β = 1 and β = 2 respectively are much more scattered
along the y-axis, suggesting that reachability can only par-
tially be explained in terms of item selection policies and
user selection models.

6. Conclusion and Discussion
In this paper, we build off work by Dean et al. (2020) to
propose a generalization of item reachability which incor-
porates stochastic recommendation policies. We see that
introducing randomness into recommendations allows for
a more flexible definition of reachability, but has mixed
effects on user agency. By performing this analysis from
the perspective of all possible user actions, we implicitly
assume that users can strategically realign their position in
latent space by modifying their ratings for a set of action
items. Though idealized, this setup allows us to compute
an upper bound on the likelihood of an item being recom-
mended without making assumptions about user behaviors.
It can be viewed as a necessary but not sufficient coverage
requirement, and is thus useful for system design and audit.

This work presents a partial characterization of the relation-
ship between stochastic reachability, properties of observed
data, item scoring functions, and item selection policies. We
believe that expanding upon these is a fruitful area of both
theoretical and experimental research. We also leave for fu-
ture work extensions that consider more realistic user action
models that factor in the cost of strategic modifications of
user preferences.
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